A group G is said to have property R ∞ if for every automorphism ϕ ∈ Aut(G), the cardinality of the set of ϕ-twisted conjugacy classes is infinite. Many classes of groups are known to have such property. However, very few examples are known for which R ∞ is geometric, i.e., if G has property R ∞ then any group quasi-isometric to G also has property R ∞ . In this paper, we give examples of groups and conditions under which R ∞ is preserved under commensurability. The main tool is to employ the Bieri-Neumann-Strebel invariants and other related invariants.
Introduction
Given a group endomorphism ϕ : π → π, consider the (left) action of π on π via σ · α → σαϕ(σ) −1 . The set of orbits of this action, denoted by R(ϕ), is the set of ϕ-twisted conjugacy classes or the set of Reidemeister classes. The cardinality of R(ϕ) is called the Reidemeister number R(ϕ) of ϕ. The study of Reidemeister classes arises naturally in the classical Nielsen-Reidemeister fixed point theory (for e.g. [21] ). More precisely, for any selfmap f : M → M of a compact connected manifold M with dim M ≥ 3, the minimal number of fixed points among all maps homotopic to f is equal to the Nielsen number N (f ) which is bounded above by the Reidemeister number R(f ) = R(ϕ) where ϕ is the induced homomorphism by f on π 1 (M ). While N (f ) is an important homotopy invariant, its computation is notoriously difficult. When M is a Jiang-type space, then either N (f ) = 0 or N (f ) = R(f ). While N (f ) is always finite, R(f ) need not be. Thus, when R(f ) = ∞ we have N (f ) = 0 which implies that f is deformable to be fixed point free. As a consequence of the R ∞ property, it is shown in [20] that for any n ≥ 5, there exists a compact n-dimensional nilmanifold on which every self homeomorphism is isotopic to a fixed point free homeomorphism.
In [28] , it is shown that if ϕ is an automorphism of a finitely generated non-elementary word hyperbolic group then R(ϕ) = ∞. Since then many classes of groups have been shown to possess property R ∞ . However, most of the methods employed in these works have been ad hoc and specific to the classes of groups in question. On the other hand, Σ-theory, i.e., the Bieri-Neumann-Strebel invariant [5] , has been used in [14] to prove property R ∞ under certain conditions on Σ 1 . Subsequent work in [15, 16, 25, 26, 32] further explore the use of Σ-theory and related invariants in connection with property R ∞ . From the point of view of geometric group theory, it is natural to ask whether property R ∞ is geometric, i.e., invariant up to quasi-isometry. In general, R ∞ is not even invariant under commensurability and hence not invariant under quasi-isometry. The simplest example is that of Z as an index 2 subgroup of the infinite dihedral group D ∞ (see e.g. [20] ) where the former does not have R ∞ while the latter does.
Since being non-elementary and word hyperbolic is geometric, the work of [28] implies that R ∞ is invariant under quasi-isometry for the family of finitely generated non-elementary word hyperbolic groups (see also [11] in which a sketch of proof was given for non-elementary relative hyperbolic groups). Another family is that of the amenable or solvable Baumslag-Solitor groups BS(1, n) for n > 1. These groups have been completely classified in [10] up to quasi-isometry. For higher BS(m, n) where m ≥ 2 and n > m, it turns out that they are all quasi-isometric to each other as shown in [36] . These Baumslag-Solitor groups (the fundamental group of the torus, BS(1, 1), is excluded here) have been shown in [12] to have property R ∞ . More generally, the family of generalized Baumslag-Solitor (GBS) groups [27] and any groups quasi-isometric to them also have property R ∞ [35] . Moreover, R ∞ is also invariant under quasi-isometry for a certain solvable generalization of the BS(1, n) [34] .
As another class of examples, let Λ be an irreducible lattice in a connected semisimplie noncompact real Lie group G with finite centre. It is known that any finitely generated group Γ quasi-isometric to Λ has the R ∞ -property [30] .
Despite the success in [28, 34, 35, 30] , there have been no new examples of groups for which property R ∞ is geometric. One difficulty is the determination of the group of quasi-isometries in general. As a first step, we ask
Question. For what class of groups is R ∞ a commensurability property? Equivalently, if G has property R ∞ and Γ is commensurable to G, (i.e., there exist subgroups H < G,H < Γ so that H ∼ =H, [G : H] < ∞, [Γ :H] < ∞) when does Γ also have property R ∞ ?
The objective of this paper is to begin a systematic approach to studying R ∞ . We give conditions under which, when employing Σ -theory and related invariants, property R ∞ is invariant under commensurability. In doing so, we introduce a stronger notion of R ∞ , namely R χ ∞ in section 2. When the complement (Σ 1 ) c or the Ω n invariants are finite polytopes lying inside an open hemisphere, we can find a point [χ] ∈ S(G) that is fixed by all automorphisms of G. If [χ] is rigid then G has property R χ ∞ (Theorem 3.4) and hence R ∞ . In section 3, we give a simple condition on the first Betti number b 1 under which commensurability invariance is proved. In section 4, we investigate situations when the Σ -invariants of G are preserved under automorphisms of a finite index subgroup H. In section 5, we construct new families of groups that are direct products and free products with property R ∞ .
2.
Background on BNS invariants, Ω n invariants and R ∞ 2.1. Sigma invariants. Let G be a finitely generated group. The set Hom(G, R) of homomorphisms from G to the additive group R is a real vector space with dimension equal to m, the Z-rank of the abelianization G ab of G. Denote by ∂ ∞ Hom(G, R) the boundary at infinity of R m (ie. the set of geodesic rays in R m initiating from the origin). This is isomorphic to the character sphere of G defined as the set of equivalence classes S(G) := {[χ]|χ ∈ Hom(G, R) − {0}} where χ 1 ∼ χ 2 if and only if χ 1 = rχ 2 for some r > 0. Let Γ denote the Cayley graph of G with respect to a fixed generating set S. Given [χ] ∈ S(G), define Γ χ to be the subgraph of Γ generated by the vertices {g ∈ G|χ(g) ≥ 0}. We say [χ] ∈ Σ 1 (G) if Γ χ is path connected. For n > 1, there are higher order Σ -invariants Σ n introduced in [6] .
The following are some well-known and useful facts. The notation Σ 1 (G) c represents the complement of Σ 1 (G) in S(G). 
where denotes the spherical join on the character sphere S(G × H).
Consider a group extension given by the following short exact sequence
where H and G are finitely generated and K is finite, the following expression relates the Σ -invariants of G with those of H ([26, Cor. 3.2]).
where ν : K → G is any left transversal such that ν(1 K ) = 1 G , and Fix(ν) = {φ ∈ Hom(H, R) | φ(ν(q) −1 hν(q)) = φ(h) for all h ∈ H, q ∈ K} is a subspace of Hom(H, R) .
Omega invariants.
Another related invariant is the omega invariants Ω n first introduced in [22] . A result of [22] gives the following characterization of the Ω n which can be used as an alternate definition. Since Σ n (G) is an open subset of S(G), the above theorem implies Ω n (G) is always a closed subset.
Given Σ n (G), we can completely determine Ω n (G): for each e ∈ ∂ ∞ R m , e ∈ Ω n (G) if and only if the open π 2 -neighborhood of e is in Σ n (G). However, it is not the case that Ω n (G) completely determines Σ n (G); examples of such groups are given in [23, § 1.3] . For computation, there is the following product formula proved in [23] .
Here, denotes the spherical join.
Property R χ
∞ . Recall from [14] , the role that Σ-theory plays is that the Σ-invariant can be used to obtain a rational point on the character sphere that is fixed by all automorphisms. It fact, the underlying principle is the existence of a character χ : G → R such that χ • ϕ = χ for ALL ϕ ∈ Aut(G). In this case, the image Im(χ) is a finitely generated abelian subgroup of R and is isomorphic to Z r for some positive intger r. The equality χ • ϕ = χ implies that ϕ induces the identity on Im(χ) which implies that R(ϕ) = ∞ since Ker(χ) is characteristic. Definition 2.7. Let G be a finitely generated group and χ : G → R be a non-trivial character. The character χ is said to be rigid if for any r ∈ R and for any non-trivial subgroup H of Im(χ) such that r · H = H then r = ±1. We say the character class [χ] is rigid if for any s > 0, the character s · χ is rigid.
Recall from [16, §6E ] that a character χ as well as the class [χ] are called transcendental if Im(χ) ⊂ R has the property that if a, b ∈ Imχ are non-zero, then a/b is either rational or transcendental. It follows that if [χ] is transcendental then it is also rigid. It is easily seen that if χ : G → R has image Z + 2 1/3 Z, then [χ] is rigid; evidently it is not transcendental.
In Definition 2.7, the rigidity of a class [χ] asserts that if for any r and any s, we have r · Im(sχ) = Im(sχ) then r = ±1. Note that if Im(χ) is generated by 2 and 2 √ 2, then χ is rigid. Although r · Im(χ) = Im(χ) implies that r = ±1, we have (1 + √ 2)Im((1/2)χ) = Im((1/2)χ). Thus, χ is rigid but [χ] is not.
Remark 2.1. Suppose a finitely generated group G has a character sphere S(G) of dimension n = dim S(G). Then for any automorphism ϕ ∈ Aut(G), the induced homeomorphism ϕ * :
Thus, if n is even and deg ϕ * = 1 then the Lefschetz Fixed Point Theorem asserts that
is topologically a disk, then the Brouwer Fixed Point Theorem asserts every ϕ * has a fixed point but again such a fixed point need not be rigid. In fact, there exists a group G [16] where S(G) has a point [χ] that is fixed by ϕ * for all ϕ ∈ Aut(G) but [χ] is not rigid.
The existence of such a globally fixed character that is witnessed by Σ-theory leads us to the following stronger notion of property R ∞ .
It is easy to see that the complement [Σ 1 (G)] c is an infinite set but Ω 1 (G) = {−∞} {−∞} is a closed arc with rational endpoints (using Theorem 2.6). It follows that either each of the endpoints is fixed, in which case, one of these endpoints yields a character that is fixed by all automorphisms, or [χ], which corresponds to a point on the arc obtained from taking the average of the characters χ, χ • ϕ associated to the two endpoints, is fixed by ϕ * for all ϕ ∈ Aut(G). Here ϕ * is the homeomorphism of S(G) induced by ϕ. Since the endpoints are rational, it follows that [χ] is also rational and hence rigid. Again, we conclude that χ is fixed by all automorphisms. Hence, G has property R χ ∞ . , it is straightforward to see that there is no [χ] ∈ S(π 1 (K)) that is fixed by all automorphisms. Thus, π 1 (K) has property R ∞ but not R χ ∞ .
Conditions on b 1
Consider a group extension
where H and G are finitely generated and K is finite.
The following simple relation between property R ∞ for G and that for H is straightforward (see e.g. [19] ).
Lemma 3.1. Given the extension 3.1, if H is characteristic and has property R ∞ then G has property R ∞ .
Definition 3.2. Let SΩ denote the class of all finitely generated groups which satisfy the following two conditions:
(1) either Σ 1 (G) c or Ω n (G) lies inside an open hemisphere of the character sphere S(G) for some n ∈ N;
(2) either the connected components of Σ 1 (G) c or of Ω n (G) for some n ∈ N are finite polytopes with rigid vertices.
Remark 3.1. By Theorem 2.5, if Ω n (G) is not path connected then it is either empty or it consists of two antipodal points.
Lemma 3.3. Let G be any group such that G ab has finite rank. Suppose χ : G → R is a rigid character and φ : G → G is an automorphism such that the φ * -orbit of [χ] is finite. Let
Proof. We note that Im(η) ⊂ Im(χ). So it suffices to show that η is non-zero. But this follows from our hypothesis that the [χ j ] are in an open hemisphere.
Proof. Since Σ 1 (G) c and Ω n (G) are invariant under automorphisms of G, if one of them is a finite polytope then the vertices will be permuted by the homeomorphism induced on the character sphere by the automorphism. Since these vertices are rigid, by Lemma 3.3, we can find a rigid character that is fixed by all automorphisms of G. Hence G has property R χ ∞ . G) ) has empty or symmetric (e.g. Σ 1 (π 1 (M )) = −Σ 1 (π 1 (M ) where M is a closed orientable 3-manifold [5] ) Σ -invariants then we simply cannot deduce any information regarding property R ∞ . For example, consider the classical lamplighter groups L n = Z n Z. It is known [19] that L n has property R ∞ iff gcd(n, 6) > 1. However, Σ 1 (L n ) = ∅ for any n ∈ N. Another such example is the fundamental group Γ of a non-prime 3-manifold where Γ has property R ∞ [18] but Σ 1 (Γ) = ∅. Furthermore, if M is a closed orientable 3-manifold with H 2 × R geometry then π 1 (M ) has property R ∞ [17] while the fundamental group of the 3-torus does not. Here, both fundamental groups have non-empty symmetric Σ 1 .
The main result of this section is the following.
Theorem 3.6. Let G be a finitely generated group. Suppose every finite index subgroup H has the property that b 1 (H) = b 1 (G). If G ∈ SΩ then every groupĜ commensurable to G also has property R ∞ .
Proof. LetĜ be commensurable to G so that there exist
Furthermore, H has the same Σ -invariants as G so we conclude that H ∈ SΩ. SinceĤ ∼ = H,Ĥ ∈ SΩ. Now ΓĤ := ϕ∈Aut(Ĝ) ϕ(CĤ) also has finite index inĜ and is characteristic inĜ. Note that ΓĤ is isomorphic to a subgroupH ≤ H of finite index in H. It follows from the assumption that b 1 (H) = b 1 (G), the subgroupH ∈ SΩ. Now ΓĤ has property R χ ∞ . Applying Lemma 3.1, we conclude thatĜ has property R ∞ .
Remark 3.3. Lemma 3.1 does not necessarily imply R χ ∞ for the extension unless it has the same Σ -invariants as the kernel. Thus, in the proof of Theorem 3.6, if we know for instance that b 1 (ΓĤ) = b 1 (Ĝ) then we can conclude thatĜ also has property R χ ∞ .
Example 3.7. Recall that property R ∞ is a quasi-isometric invariant for the class of solvable Baumslag-Solitar groups (and their solvable generalizations) [34] . It is known (see e.g., [23] ) that Σ 1 (BS(1, n) ) = {−∞} contains exactly one rational point and b 1 (BS(1, n) 
Furthermore, if H is a finite index subgroup of BS(1, n) then H itself is a BS(1, n m )) (see e.g. [7] ) so that b 1 (H) = 1. Thus Theorem 3.6 gives a different proof of the fact that R ∞ is invariant under commensurability for the class of solvable Baumslag-Solitor groups. 
Evidently, when r = 1, Γ n = BS(1, n). In [32] , it has been shown that Σ 1 (Γ n ) c is a finite set of rational points all lying inside an open hemisphere so that Γ n ∈ SΩ. Moreover, a presentation is also found for any finite index subgroup H of Γ n . Using this presentation, one can show that b 1 (H) = b 1 (Γ n ) = r. Thus Theorem 3.6 gives a different proof of the fact that R ∞ is invariant under commensurability for this class of generalized solvable Baumslag-Solitor groups.
Next, we exhibit more examples for which b 1 (H) = b 1 (G). Note that in general, b 1 (G) ≤ b 1 (H). 
Proof. To see this, first note that for every finite index subgroup H, its core core G (H) = C H ≤ H is normal and has finite index in G. Now, 
Note that the argument above shows that every finite index subgroup of G contains the simple group K.
Remark 3.4. The hypotheses of Lemma 3.12 are satisifed by a large class of groups. In particular, for n ≥ 2, the Houghton groups H n satisfy the conditions of Lemma 3.12 with K = A ∞ . Furthermore, let S be a self-similar group and G = V (S) be the associated Nekrashevych group. Then [V (S), V (S)] is simple (see for instance [31] 
The R. Thompson's group F is known to have property R ∞ . A different proof, using Σtheory, has been given in [14] . In fact, one can conclude that F ∈ SΩ so F has property R χ ∞ . Now, the next result follows from Lemma 3.12, the fact that [F, F ] is simple and Theorem 3.6 that any group commensurable to F also has property R ∞ . Remark 3.5. Example [26, 5.5] follows immediately from Theorem 3.13. The generalized Thompson's groups F 0,n have property R ∞ and every group commensurable to one such also has property R ∞ . This result, including Theorem 3.13, has been proven in [16] using different methods.
Another large class of interesting groups for which finite index subgroups have the same first Betti numbers is the class of lamplighter groups of the form G Z where G is a finite group. Since lamplighter groups have empty Σ 1 , these groups exhibit different behavior as we illustrate in the next example.
Example 3.14. Let p ≥ 5 be an odd prime. It follows from [19] that G = Z p Z does not have property R ∞ . Moreover, any finite index subgroupĜ of G does NOT have property R ∞ . Since every subgroup of finite index in G is of the form (Z p ) k Z for some k ∈ N, it follows from the main theorem of [19] that such subgroup does not have property R ∞ .
Invariance under Aut(H)
Consider the Artin braid group B 3 (on the disk) and its pure braid group P 3 on 3 strands. The group P 3 is a normal subgroup of index 6 in B 3 . Moreover, P 3 ∼ = F 2 × Z where F 2 is the free group on 2 generators and Z is generated by the central element ∆ which is the fulltwist of the 3 strands. It follows that b 1 (P 3 ) = 3 and b 1 (B 3 ) = 1. By Prop. 2.4, Σ 1 (B 3 ) = Σ 1 (P 3 ) ∩ ∂ ∞ Fix(ν). Since [B 3 , B 3 ] is finitely generated, Σ 1 (B 3 ) = {±∞}. Furthermore, the computation in [26] shows that Ω 1 (P 3 ) = {±∞} and these two rational points come from the center Z = ∆ . A straightforward calculation indicates that Σ 1 (P 3 ) ∩ ∂ ∞ Fix(ν) = Ω 1 (P 3 ). Now, P 3 has property R ∞ (see e.g. [13] ). Observe that Σ 1 and a left transversal ν : K → G with ν(1 K ) = 1 G , if for every q ∈ K, α q ∈ Z(Out(H)), the center of Out(H) then for any ϕ ∈ Aut(H), we have ϕ(Σ n (G)) = Σ n (G). Furthermore, if G ∈ SΩ and if ϕ * (S(G)) = S(G) for some ϕ ∈ Aut(H) then R(ϕ) = ∞.
Proof. Given any ϕ ∈ Aut(H), there is an induced isomorphismφ on Hom(H, R) given bŷ ϕ(φ) = φ • ϕ for any φ ∈ Hom(H, R). Suppose φ ∈ Fix(ν). Forφ(φ) ∈ Fix(ν), we must havê ϕ(φ) • α q =φ(φ) for every q ∈ K. It follows that
must hold for all q ∈ K. This equality holds if the automorphisms ϕ • α q and α q • ϕ differ by an inner automorphism. This holds under the assumption that α q lies in the center Z(Out(H)) for every q ∈ K. Now the invariance of Σ n (G) under Aut(H) follows from Prop. 2.4. Since G ∈ SΩ there exists a rigid character χ that is fixed by all automorphisms of G. Since this character is obtained from the Σ -invariants of G which are invariant under Aut(H) and the subsphere S(G) ⊂ S(H) is invariant under ϕ, we conclude that χ is also fixed by ϕ * . It follows that R(ϕ) = ∞. 
More groups with
The notion of R ∞ makes sense for all infinite groups. In this section we consider groups which are not necessarily finitely generated, but whose abelianization, modulo torsion, is finitely generated. The notions of rigidity of characters and character classes as well as that of R χ ∞ are valid for such groups. We extend the class of groups SΩ to allow for groups G which are not necessarily finitely generated so long as Hom(G, R) is finite dimensional, that is, G ab modulo torsion is finitely generated. We note that the results of sections 2 and 3 still remain valid with the extended notions of SΩ and R χ ∞ . We now construct new groups (not necessarily finitely generated) that are direct products or free products that possess either property R χ ∞ or R ∞ .
(i) Divisible groups. Recall that a group G is divisible if given any element g ∈ G and an integer n > 1, there exists an h ∈ G such that g = h n . Examples of divisible abelian groups are Q m × (Q/Z) n , m, n ∈ N. It is known that there exist 2 ℵ 0 -many pairwise non-isomorphic groups which are generated by two elements and divisible. (See [29] .) These groups do not have any proper finite index subgroups. This family is closed under finite direct products. We shall denote this class of group by D.
(ii) Torsion groups. All torsion groups have vanishing b 1 . This follows easily from the basic fact that homology commutes with direct limit. This family of groups is huge and includes many interesting groups such as Grigorchuk groups, the group of finitary permutations of (iii) Acyclic groups. A group is said to be acyclic if its homology with trivial Z coefficients vanishes. This class includes the Higman four-group [9] and binate towers [2] . It is known that any finitely generated group admits an embedding into a finitely generated acyclic group [1] . This class of groups, denoted A, is closed under finite direct products and finite free products.
(iv) Higher rank lattices. Let G be a connected semisimple (real) linear Lie group which has no compact factors. Suppose that the real rank of G is at least 2. (The real rank of a linear Lie group is the dimension of the largest diagonalizable subgroup isomorphic to R × >0 .) Let L ⊂ G be an irreducible lattice in G. Then it is a deep result of Margulis that any normal subgroup of L is either finite or has finite index in L. Since L itself is not virtually abelian, it follows that b 1 (L) = 0 and that the same is true of any finite index subgroup of L. (This is not true in the case of rank-1-lattices.) Again, if L i ⊂ G i , 1 ≤ i ≤ n, are irreducible higher rank lattices, then the product L := 1≤i≤n L i also has trivial abelianization. Any finite index subgroup Λ of L admits a finite index subgroup Γ which is a product Γ i where Γ i ⊂ L i is a sublattice, (i.e., finite index subgroup of L i ). It follows that b 1 (Γ) = 0 and hence b 1 (Λ) = 0. Let us denote this class of groups by L.
We now construct new examples of groups with property R χ ∞ .
Proposition 5.1. We keep the above notation. Let C denote D ∪ T ∪ A ∪ L and G be a group belonging to SΩ. Let H be in C. Suppose that every homomorphism H → G is trivial, then: (i) G × H ∈ SΩ and G * H has property R χ ∞ , (ii) Let K be a finite index subgroup of G such that b 1 (K) = b 1 (G). Then K × H ∈ SΩ and K * H has property R χ ∞ .
Proof. (i) Since any homomorphism H → G is trivial, the subgroup
Since G ∈ SΩ, Σ 1 (G) is non-empty and is a proper subset of the sphere S(G). Thus G = Z. Furthermore, G is freely indecomposable for free products have empty Σ -invariants. If H ∈ D ∪ T ∪ L, then it is easy to see that H is freely indecomposable. If H ∈ A is acyclic then H cannot have Z as a factor in its free product decomposition. Thus, we conclude that G * H is a finite free product where none of the factors can be Z. It follows from [8] that the kernel of the canonical map G * H → G × H is a characteristic subgroup, namely, [G, H] ⊂ G * H generated by the commutators [g, h], g ∈ G, h ∈ H. The R ∞ -property of G * H follows from that of G×H. Moreover, with θ as above, the composition G * H → G×H θ → R is a character that is invariant under any automorphism of G * H. So G * H has property R χ ∞ .
(ii) By Lemma 3.5, K belongs to SΩ. Since any homomorphism H → G is trivial, the same is true if G is replaced by K. Thus the hypotheses of the statement of the theorem are valid when G is replaced by K. Therefore (ii) follows from (i).
Remark 5.1. There are groups with property R χ ∞ but with empty Σ -invariants. For example, the group BS(2, 3) has property R ∞ . A close inspection of the proof in [12] shows that BS(2, 3) has property R χ ∞ while it has empty Σ 1 so that BS(2, 3) / ∈ SΩ.
In general the requirement that any homomorphism H → G is trivial is hard to verify. However, in certain contexts this is easily verified or known. Examples of such situations are: (a) H is a torsion group and G is torsion free. (b) H admits no finite dimensional linear representation and G is linear. For example we may take G to be an irreducible lattice in a semisimple linear Lie group and H to be a binate group ([3, Theorem 3.1], [4] ). (c) If G is a group such that any nontrivial element in G has at most finitely many roots in G and H is divisible. For example, take G to be a non-elementary hyperbolic group or is a subgroup of GL(n, Z) for some n. Note that if G is the fundamental group of a closed orientable hyperbolic 3-manifold then by [5] , Σ 1 (G) is symmetric so G / ∈ SΩ. In view of this, (i) of Proposition 5.1 can be generalized as follows using the same arguments as in the proof of Proposition 5.1.
Proposition 5.2. Let C denote D ∪ T ∪ A ∪ L. Let G be a group with property R ∞ and H be in C. Suppose that every homomorphism H → G is trivial then: (i) G × H has property R ∞ , (ii) if G is freely indecomposable or is a finite free product in which none of the factors is isomorphic to Z then G * H has property R ∞ .
Concluding Remarks
In this paper, we study a stronger form of R ∞ , namely R χ ∞ . We introduce the family SΩ in which every group in this family has property R χ ∞ . Under a simple condition on b 1 , we prove commensurability invariance in Theorem 3.6. Although the notion of R χ ∞ is inspired by the use of Σ-theory and related invariants, there are groups with such property but Σ 1 is empty. In the last section, we construct certain free products G * H with property R ∞ . In particular, when H ∈ D is divisble, H does not contain any proper subgroup of finite index.
Yet, if G has property R ∞ (or G ∈ SΩ) and every H → G is trivial then G * H has property R ∞ (or R χ ∞ ). On the other hand, it has been shown in [18] that G * H has property R ∞ provided both G and H contain proper finite index subgroups. We ask the following Question. Let G = G 1 * ... * G k be a finite free product of freely indecomposable (not necessarily finitely generated) groups G i . Does G necessarily have property R ∞ ?
